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Abstract. We employ optimal renormalization group analysis to semi-
leptonic τ -decay polarization functions and extract the strange quark
mass from their moments measured by the ALEPH and OPAL collab-
orations. The optimal renormalization group makes use of the renor-
malization group equation of a given perturbation series which then
leads to closed form sum of all the renormalization group-accessible log-
arithms which have reduced scale dependence. Using the latest theoret-
ical inputs we find ms(2GeV) = 106.70 ± 9.36 MeV and ms(2GeV) =
74.47 ± 7.77 MeV for ALEPH and OPAL data respectively.
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1 Introduction
The relevant quantities to extract strange quark mass ms from semi-leptonic
τ -decay are the polarization functions, the data on which were made available
some years ago by ALEPH [1] and OPAL [2] collaborations. One of the important
theoretical objective in these extractions is to account for the renormalization
group (RG) running of all the parameters that enter the evolutions. There have
been several schemes, for example fixed-order perturbation theory (FOPT) [3],
contour-improved perturbation theory (CIPT) [4] and method of effective charges
(MEC) [5] to account for these runnings. We follow the optimal renormalization
group analysis [6,7] in Ref. [8] that uses the RG constraints of a given perturba-
tion series to obtain a closed form sum all the RG-accessible logarithms which
substantially reduce the RG scale (µ) dependence. The RG-accessible logarithms
are defined as all the leading and the next-to-leading logarithms that can be ac-
cessed through RG equation. We call this scheme renormalization group summed
perturbation theory (RGSPT).
After a brief summary of the formalism of semi-leptonic τ -decay in Sec. 2, we
describe the derivations of the closed form summation in Sec. 3. The extraction
of ms is described in Sec. 4 and we conclude in Sec. 5.
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2 Formalism
The experimentally measurable quantities relevant for the extraction of ms from
Cabibbo suppressed semi-leptonic τ -decay are the moments of polarization func-
tions. These can be written as a contour integral of the polarization functions
with suitable weight functions in the complex q2 plane running counter clockwise
along the circle |q2| =M2τ
Rklτ =
6i
2pi
∮
ρk,l(q
2)
m2s
q2
Πmq
dq2
M2τ
−
6i
2pi
∮ [
m2s
q2
Dmg
∫
ρk,l(q
2)
dq2
M2τ
] dq2
M2τ
. (1)
Here ρk,l are the weight functions, Π
mq is the τ -decay polarization function and
Dmg is the Adler function related to the polarization function Πmg and defined
as Dmg = −Q2 dΠ
mg
dQ2
, where Q2 = −q2. The functions Πmq [9,10] and Dmg [11]
are known to order α3s in the perturbation theory, and they have in addition to
Q2 dependence, µ dependence through terms like αns (µ
2) lnn−k(µ2/Q2), at each
order n in the perturbation expansion. Both Πmq and Dmg satisfy homogeneous
RG equations. In the next section we show how the RG equations of these func-
tions can be used to obtain closed form sums of all the RG accessible logarithms
which reduce µ dependence.
3 Closed form sum RG-accessible logarithms
We demonstrate the derivations of RGSPT series with Dmg. We write down the
un-summed and RGSPT series as Dmg =
∑∞
n=0
∑n
k=0 d
mg
n,ka
n
sL
k and DmgRGSPT =∑∞
n=0 a
n
sΠ
mg
n [asL], respectively. Here the intermediate quantities are defined
as Dmgk [asL] =
∑∞
n=k d
mg
n,n−k(asL)
n−k, dmg are the series coefficients that can
be extracted from the expression of Dmg given in the appendix of Ref. [8],
L = ln(µ2/Q2), and as = αs(µ)/pi. We substitute the un-summed expression
of Dmg in the homogeneous RG equation that it satisfies and collect the coef-
ficients of ansL
n−1−k which leads to a recursion relation in terms of the series
coefficients dmg. The recursion relation is then multiplied by (asL)
n−1−k and is
summed from n = 1 + k to infinity, which following the definitions of the in-
termediate quantities Dmgk [asL] results in differential equations for them. These
differential equations are solved with suitable boundary conditions and the re-
sultant solutions are the closed form expressions of Dmgk [asL]. The closed form
expressions of Dmgk [asL] are given in [8].
4 Extraction of ms from ALEPH and OPAL data
The extraction of ms is possible by the measurements of the SU(3) flavor
breaking terms δRklτ = NcSEW
(
− Rkl − 4pi2
m2
s
(M2
τ
)
Mτ
〈s¯s〉
M3
τ
fkl
)
where the second
term within the bracket is the contribution of the condensate [12]. The vales of
SEW , fkl and 〈s¯s〉 are collected in [8]. The flavor breaking term δR
kl
τ for different
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moments (k, l) have been measured by ALEPH [1] and OPAL [2] collaborations.
For our determination, we have used the moments (0, 0), (1, 0), (2, 0) of ALEPH
and (2, 0), (3, 0) and (4, 0) of OPAL. The determinations for individual moments
for both ALEPH and OPAL are tabulated in [8] and are compared with the
determinations in FOPT, CIPT and MEC schemes. We find that RGSPT is
consistent with other schemes. By doing a weighted average of the individual
determinations we obtain the following final values of ms at the τ mass scale
ms(M
2
τ ) = 110.18 ± 9.67MeV ,ms(M
2
τ ) = 76.90 ± 8.03MeV for ALEPH and
OPAL data, respectively. Here the errors are dominated by experimental uncer-
tainties. Evolving these determinations to 2 GeV using [13] we get
ms(2GeV) = 106.70± 9.36MeV, ms(2GeV) = 74.47± 7.77MeV, (2)
for ALEPH and OPAL data, respectively. Within errors our determinations are
comparable with that in lattice QCD.
5 Summary and Conclusion
We have applied for the first time the optimal renormalization group analysis to
τ -decay polarization functions in the context of extraction of strange quark mass.
Our determinations are consistent with other schemes and show that the strange
quark mass extracted from τ -decay is insensitive to the choice of renormalization
schemes. Therefore, in the future when the experimental data improve, precise
determinations of ms can be made.
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